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Abstract

The relationship between the discharger and the water quality of the
receptor streams was described by a mathematical equation, for the first
time introduced in the early 20th century, known as the Streeter – Phelps
equation. There have been many follow-up studies to develop this work;
however, most of these stopped in the case of steady-state flows and
discharges. The expansion through the unsteady case is unnoticed. In
this study, the Streeter-Phelps equation is considered in its most gen-
eral form, accounting for the temporal variation of both the flow and
the discharger over time. This study inherits the previous studies but
considers for the case of an unstead discharger, especially when the pol-
lutant concentration in the wastewater exceeds the allowable standard.
The mathematical model Streeter – Phelps is applied in the case of in-
steady of the waste discharger. The results show that the error with
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other products like MIKE is in the range of less than 10%. This result
allows the application of the Streeter - Phelps model to the pollution
control problem.

1 Introduction

The year 1925 marked the birth of the first scientific work in the field of water
quality modelling, in which Streeter - Phelps (SP) successfully built a mathe-
matical relationship showing the relationship between the discharger and the
quality of river water receiving the waste (the receptor) [1]. Subsequent de-
velopments were presented in a series of scientific publications in the following
three directions: developing a method to calculate the reaeration coefficient due
to different natural flows [2] - [4]; developing mathematical models that pay
attention to the impact of hydrodynamic and hydrological factors on pollutant
transport [5]; and developing computer programs to calculate the influence of
waste dischargers on stream water quality [6] - [10].
Within the framework of the mentioned studies, the “forward” problem was
posed, and some analytical solutions were presented. Based on discharge char-
acteristics, the concentration of discharging pollutants is determined [11] - [14].
In the case of unsteady flow, the methods used in [1], [12] – [13] did not work.
Therefore, it is necessary to develop another alternative approach, specifically
to find the solution of the forward problem based on the numerical solution of
the SP equation (hereafter called the Streeter-Phelps model, denoted by SPM)
[15].
Due to the current difficulties in continuous monitoring technology for unsteady
model, the actual measured dataset was replaced by the MIKE running dataset
- one of the reputable products exported. The [15] - [17] noted that the real
time series dataset in practice is not easy to find, and thus, the real measured
dataset was replaced by the modelling results using the MIKE tool. Note that
the same idea in the field of engineering is expressed in [16].
Extending the results of the SPM studies for the steady to the unsteady case is
not only theoretically meaningful, but will help solve the water pollution con-
trol problem. In the event of an emergency, some wastesources may discharge
exceed the required capacity leading to pollution accident situations. The in-
cident damage needs to be quantified that leading to using unsteady SPM.
Since then, the given work has the aim of building and verifying the numerical
solution scheme and its application for a case study. The results are not only
limited to numerical solutions but also help to calculate the relationship ”waste
source - receptor” served effectively the problem of environmental protection
and sustainable development.
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2 Problem description

Water quality modelling of rivers and streams goes back to 1925 and the
Streeter – Phelps equation for the dissolved oxygen concentration in the Ohio
River [1]. There have been many developments since that time that have made
it possible to model other settings in greater detail and with more realistic
processes [18]. Modelling the aquatic chemistry of BOD, TSS, N −NH+

4 and
dissolved oxygen in natural waters requires mathematical formulations for mass
transport in a stream or a river and reaction kinetics.
For the case of time – variations in BOD in a river of estuary with constant
freshwater flowrate, cross – sectional area, and dispersion coefficient, the for-
mula

DO = DOsaturated −D(x) (1)

will determine the dissolved oxygen concentration at position x, that is, deter-
mine the extent of the influence on the river due to the impact of the waste
discharger. The DOsaturated parameter is calculated based on the table of DO
values at integer temperatures and is interpolated at other temperature values
[18].
It is a parabolic, partial differential mass balance equation. The general form
of the equation is given as
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in which the cross-sectional area, flow rate, and dispersion coefficient can vary
in time and space. The DO deficit equation is developed in a similar manner:
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In the case that E, Q, and A in a certain period of time do not change, then
the form (2) and (3) can be written as{

∂L
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∂x = E ∂2L
∂x2 − k1L

∂D
∂t + u∂D

∂x = E ∂2D
∂x2 + k1L− k2D

(4)

To be able to model the change in the time-varying BOD concentration and
the DO deficit in space and time, it is necessary to set the initial and boundary
conditions: 

L(t, x)|x=0 = L0(t); L(t, x)|t=0 = L1(x)

D(t, x)|x=0 = D0(t); D(t, x)|t=0 = D1(x)

x ∈ [0;L]; t ∈ [0;T ]

(5)
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where u(m/s) is the stream velocity, and it is a piecewise variable function;
L(x, t) (mg/l) is the amount of oxidizable organic material as oxygen equiv-
alents (abbreviated as BOD); D(x, t)(mg/l) is the DO deficit identified from
(1); x(m) is the distance along the reach moving downstream; k1(day−1) is
the decomposition rate in the stream; k2(day−1) is the surface reaeration rate;
and E(m2/s) is the dispersion coefficient. Equations (3) and (4) show the re-
lationship between the ”Discharger – Receptor”, in which the ”dirty” level of
the waste discharger is expressed through parameter L0(t) = total BOD quan-
tity from the waste discharger, which was placed at point x0; L1(x) = BOD
background concentration; and D(x, t) = dissolved oxygen deficiency (mg/l) at
position x(m) from the source represents the quality of the river water affected
by the waste discharger. D0(t) = DO deficit identified at cross Section x0, and
D1(x) = DO deficit background concentration on [0;L] [15].
To find the solution of the forward problem based on the numerical solution of
the SP equation.

3 Methods and data

3.1 Crank–Nicolson-type schemes

Divide the stream segment [0;L] into N equal reaches, the distance between the
two adjacent locations is denoted by ∆x. Divide the time interval [0;T] into
M equal segments, each of which is ∆t. In plane Oxy, there is a rectangular
difference grid D:
D = (xi, tj);xi = i∆x, tj = j∆t; i = 1;N ; j = 1;M . Set σi,n = ui,n

∆t
∆x , δi =
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At the i-th position node with 2 ≤ i ≤ N − 1:
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The system of N equations is set up with the unknowns being the values of
Ln+1

1 , Ln+1
2 , . . . , Ln+1

N−1, L
n+1
N at the grid nodes (i; j) with j = n+ 1, calculated

based on the value of L at the position nodes at the previous time step.
The matrix form of the system of equations is AL × Ln+1 = SLn, with the
coefficient matrix AL being:
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By solving this system of equations, we get the value of L at the (n+1)th time
step. The values are substituted in the second equation in (4) to find D.
By applying the same difference formulas as when solving the first equation and



144 Forward Problem For Pollution Control Based On ...

substituting the values of L at the (n+1)th time step, we obtain a system of
N equations with the matrix form AD ×Dn+1 = SDn. The coefficient matrix
AD is
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3.2 Dataset

3.2.1 Create a dataset for MIKE

Topographic data are extracted from general data across the basin, and the se-
lected river segment is Tan Dinh stream, Binh Duong Province, Vietnam. The
river segment has a length of L=1414 m, divided into 14 equally spaced reaches
with cross sections numbered ID0 – ID14. The cross section and elevation are
shown in Figure 1, down. To run the HD module, it is necessary to determine
the discharge at ID0 and the water level at ID14. The discharge boundary
data at the cross section are extracted from the NAM run results in the form
of a time series with a time step of 1 h, the period from Jan 01, 2017 to Dec
31, 2017 [19] (Figure 2). The water level boundary is extracted from the Tide
Prediction tool – a tool in MIKE 21. The extracted times coincide with the
water level boundary times described above at cross section ID14 (Figure 3).

Figure 1: Study area

The concentrations of two parameters considered, BOD (mg/l) and DO, are
given at cross-section ID0 as follows: BOD = 6.0 (mg/l), DO = 2.2 (mg/l), the
temperature of the flow is equal to 15°C. The background concentration of the
river is taken as follows: BOD = 6.0 (mg/l), DO = 2.2 (mg/l), and the river’s
background temperature is taken as 25°. Eddy coefficient is 0.25 (m2/s) and
Manning number coefficient is 34 (m1/3/s). The problem is simulated based
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Figure 2: Discharge data

Figure 3: Water level boundary

on 2 scenarios, including: stable case scenario and incident case scenario. Sta-
ble: The discharger is located at location ID1 with a flow of 0.0266204 (m3/s)
(equivalent to 2300 m3/day). The waste source temperature is taken as 20°C,
the BOD concentration in the wastewater is 8.5 (mg/l), and DO = 1.5 (mg/l).
For the incident scenario: there will be a change in 10 hours from 0:00 on
March 1, 2017 to 9:00 on March 1, 2017 with the waste concentration values
respectively: BOD = 20 mg/l, DO = 1 mg/l.
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3.2.2 Extracting datasets for SPM

To ensure the dataset for SPM, the results of the flow water quality modelling
by MIKE for two parameters BOD and DO were extracted from 0h00 am Feb
27, 2017 to 12h00 pm Mar 3, 2017 at location ID1, after which the values L0(t)
and D0(t) as input data for SPM were calculated (Figure 4). The SPM running
time is determined to be T=360 h (equivalent to 15 days); the SPM runtime
step is taken to be t = 3600s; and the velocity u in the formula is the instanta-
neous velocity at each grid node obtained from the MIKE model. The results
of calculating BOD and DO concentrations by MIKE were also extracted at
the ID1 – ID13 nodes serving L1(x) and D1(x). Calculation results of BOD
and DO concentrations were also extracted at 13 locations (ID1 – ID13), which
were used to compare with the calculated results from SPM. The average run-
ning velocities at reach are extracted from MIKE’s running results

3.3 Formula of k2 and E

The first step in modelling a river network system is to divide the system into
reaches, which are part of a stream with relatively uniform hydraulic properties.
In this study, the selected river segment includes an integer number of reaches.
To calculate the dispersion coefficient at the two-reach junction the following
formula is used

Ep;i = 0.011
U2
i B

2
i

HiU∗
i

U∗
i =

√
gHiSi, g = 9.8m/s2

where: Ep,i is the longitudinal dispersion coefficient at the contiguous section
between the two elements i and i+1 (m2/s); Ui velocity (m/s) river reache i,
Bi is reach width (m), Hi is the average depth of reach, Si is reach slope. The
reaeration coefficient is calculated based on the formula

k2 = 10.9×
(
U

H

)0.85

Calculation results for the cases study shown in Table 1 and are used in the
simulation of water quality using the Streeter – Phelps model in Section 3.1.

3.4 Error estimation

The notation for the solution D(t, x), L(t, x) obtained from solving the SPM
is Dmodel(x, t), Lmodel(x, t). The tuples D(t, x) and L(t, x) obtained from the
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Figure 4: Dataset for MIKE EcoLab

MIKE model are Dactual and Lactual. The error between two datasets is deter-
mined by the distance calculated according to the Euclidean standard:

d (Dmodel, Dactual) = ‖Dmodel −Dactual‖2 =

√√√√ M∑
i=1

N∑
n=1

(
Dn

i |model − Dn
i |actual

)2

d (Lmodel, Lactual) = ‖Lmodel − Lactual‖2 =

√√√√ M∑
i=1

N∑
n=1

(
Ln
i |model − Ln

i |actual
)2
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Position Node E k2

ID1 0.0004182 0.169299
ID2 0.0006026 0.218226
ID3 0.0010324 0.292705
ID4 0.0017634 0.385719
ID5 0.0022595 0.498760
ID6 0.0029815 0.585598
ID7 0.0034534 0.650746
ID8 0.0070629 0.954641
ID9 0.0133378 1.331190
ID10 0.0139734 1.387406
ID11 0.0137954 1.434067
ID12 0.0105865 1.256748
ID13 0.0081569 1.386835

Table 1: Values of E and k2

The error function is defined as:

%Dloss =
d (Dmodel, Dactual)

‖Dactual‖2

%Lloss =
d (Lmodel, Lactual)

‖Lactual‖2

3.5 Programming language

Step 1: Read data Lactual(ti, xj), Dactual(ti, xj) from excel file, where ti is a
time series separated by a time interval ∆t = 1h, taking place over 15 days,
from 0.00 am Feb. 27, 2017 to 12 pm Mar. 13, 2017, xj with j running from 1
to 13; these are the cross-sectional positions from ID1 (where the waste source
is) to ID14
Step 2: Take data of the initial conditions and boundary conditions to solve
the system of Streeter-Phelps Equations
Step 3: Build a function to solve the system of equations to find the values of
L(t, x) and D(t, x) at space-time steps: For i = 1 to M:

(L,D) = function(w) with w = (θ1, θ2)

Step 4: Build the error function and output the error of (Lmodel, Dmodel) com-
pared to (Lactual, Dactual)
Step 5: Export data to the Excel file of Lmodel and Dmodel, and build a chart
to compare SPM and MIKE results.
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3.6 Framework and implementation steps

The first step is to apply MIKE to create the input dataset for SPM as well
as to create a set of water quality simulation results to compare SPM and
MIKE. The second step is related to SPM. Use MIKE outputs D(t0, IDj) and
L(t0, IDj) to be the initial values for SPM. The third step, use the parame-
ters k1, k2, E and the concentration of the waste source to run MIKE as well
as SPM. Note that, for the SPM, k2-values is at each position node. In the
step 4, we evaluate the time series error (Lactual(ti, xj), Dactual(ti, xj)) and
(LModel(ti, xj), DModel(ti, xj)) (Figure 5). Then find the error value.

Figure 5: Study framework and implementation steps
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4 Results and Discussion

4.1 Estimate the error between SPM and MIKE

The Crank–Nicolson algorithm presented in Section 3.1 is applied to solve sys-
tems (4) and (5). The space step is ∆x = 101m; with time step: ∆t = 3600s,
L = 1212, k1 = 0.102, calculated from ID1 to ID13; print 15 days. Input for
SPM is given in the Table 1. Content and steps are taken according to Figure
5, detailed in Section 3.6. The error between the two models is shown in the
last two columns, as well as in Figure 6. The error of L is relatively small in
both scenarios, while the error of D is less than 6%.
The results of running SPM and evaluating the error of Lmodel and Dmodel

compared to Lactual and Dactual are shown in the Table 2:

Case k1 θ1 θ2 Lloss(%) Dloss(%)
0 0.102 0.5 0.5 0.5149 5.7697
1 0.102 0.5 0.5 1.0118 5.7764

Table 2: Results of running SPM for two cases

Figure 6: Compare the results of running MIKE and SPM at cross-sections
ID0
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4.2 Discussion

In the pollution control problem, parameter D plays an important role, which
is the quantification of the pollution of the stream due to the wastewater dis-
charger. The evaluation of error D allows a close relationship between the
modelled and measured results. As a result, the error of D from the SPM so-
lution depends on both the sampling distance and the sampling frequency.
The case 0 shows the relatively stable operation of the waste source, shown
in the relatively stable L0(t) and D0(t). Case 1 shows the abnormality of the
discharge source at some time, specifically on March 1, from 0.0 am to 9 am,
the wastewater discharged into the river has a BOD5 2.4 times higher than
normal. The results of SPM and MIKE both show an increase in BOD and
decrease in DO. The error for the variable L in case 0 reaches 0.5 is a relatively
small error, in case 1, the error L reaches 1% can also be considered quite small.
The error of variable D reaching < 6% is acceptable.

5 Conclusion

The forward problem in environmental modelling was studied. Based on the
classical Streeter-Phelps equation, a problem of determining L and D represent-
ing wastewater dischargers and receptors for unsteady flow has been formed.
The main results include the following:

- A numerical solution scheme for determination (L,D) has been given for
the case of unsteady flows as well as waste dischargers based on the Crank
– Nicolson scheme algorithm. The numerical solution was obtained. It is
understood as the result of running the Streeter - Phelps model (SPM).

- Created datasets (L,D) for regular streams and wastewater dischargers.
The MIKE model was used for a particular stream segment object. The
dataset extracted from MIKE served as input for the SPM and was used
to evaluate the error between SPM and MIKE.

- We performed numerical simulation (L,D) by using SPM according to
different sets of parameters (k1, k2, E) and compared the results received
with MIKE. The evaluation results show that SPM has good accuracy
and can be used as an alternative to MIKE for unsteady flows.

- Performed experimental calculations with different spatial and temporal
grid steps to clarify the influence of monitoring locations and measure-
ment frequency. A number of rules have been identified, allowing us to
shorten the number of measured samples as well as the sampling location.
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The results of this study allow replacing the MIKE model with SPM in some
cases, as well as serving a strong scientific basis for finding solutions to the
inverse problem.
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